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S U M M A R Y  

S . N .Kirpichnikov 

Consideration is given in t he  present work t o  one-impulse 
f l i g h t s  between Keplerian orbits of given boundary in t h e  gravita- 
t i o n a l  f i e l d  of the  Sun. A l l  of the three o r b i t s  are  coplanar. The 
i n i t i a l  mass 5.6 minimized. The pressure of sunl ight  iS taken h t o  

account on the  intermediate orb i t  of t h e  f l i g h t .  Analyt ical  solu- 

t i o n s  are obtained 3s the  special  c m e s  of c i r c u l a r  boundary o r b i t s  
and on boundaries of O r b i t 6  with 6-1 e c c e n t r i c i t i e s .  m h  

* 
* * 

TJe s h a l l  consider the question of construct ing one-impulse 

t r a j e c t o a e s  of i n t e r o r b i t a l  f l i s h t e ,  with minimum mass consumption, 

in t h e  Sun'e grav i t a t iona l  f i e l d  of a s p h e r i c a l l y - s y ~ m e t r i c d ,  l i g h t -  
emi t t ing  c e n t r a l  body. The perturbing e f f e c t  upon the  cosmic object  
by t h e  c e l e s t i a l  ob jec ts  s i t ua t ed  on the  given boundary Keplerian 
o r b i t s  rill be neglected. It is assumed t h a t  a l l  th ree  o r b i t s -  t he  

i n i t i a l ,  intermediate and f ina l  - l i e  i n  the  same plane and t h a t  the  
motion along them takes place in a s i n g l e  d i r ec t ion .  

* ENESG~ICHESKI O l ? T I ~ ~ " 3 c p E  POLETY S UcBMlOM VLIYANIYA SVETOVOGO 
DAVLENIYA . 
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On t h e  one hand, t h e  pressure of l i g h t  may be considered as 
a small cor rec t ive  f a c t o r ,  nme ly  i n  the course of f l i g h t s  by s tandard 
spaceships.  On the  o the r  hand, i n  
probes, cons is t ing  of t h in  hollow s h e l l s  - balloons,  f i l l e d  with lor- 
pressure gas and covered by an outs ide  coat ing,  w e l l  r e f l e c t i n g  the  
l i g h t ,  i t  becomes comparable in ma,pnitude with the  force of a t t r a c t i o n  
of the  Sun. Ehricke c11 proposed t o  u t i l i ze  such  s h e l l s  f o r  t he  inves- 
t i g a t i o n  of space of our s o l a r  system, and also f o r  t h e  transfer of 
use fu l  payloads. T h e s e  probes are  character ized by their  s i m p l i c i t y ,  

m a l l  weight and capab i l i t y  of carrying a payload. Such ob jec t s  are 
very b r i g h t ,  thereby increasing the  p robab i l i t y  of t h e i r  successfu l  
t r ack ing  by te lescopes.  The shell-sondes nay be launched from the  
ground, a s  w e l l  as from spaceships o r  a r t i f i c i a l  s a t e l l i t e s .  

ca6e of f l i g h t s  of i n t e rp l ane ta ry  

Let  us f ind  the  pr inc ipa l  vector  and t h e  p r inc ip l e  moment of 

l i g h t  pressure forces  ac t ing  upon a f ixed body with i r r a d i a t e d  sur face  S. 
I n  der iv ing  the  formulas in t h i s  p a r t ,  we s h a l l  start from t h e  quantum 

theory of l i g h t  and we s h a l l  neglect the e f f e c t  conditioned by the  non- 
ircotropy of over-irraciiation. 

<.e s h d l  int roduce a fixed system of coordinates  x ,y ,e ;  the  

axis z coincides e t i l  the  he l iocen t r i c  radius-vector of t h e  i r r a d i a t e d  

body, t h a t  is, i t  is d i rec ted  d o n g  the  p a r a l l e l  l i T h t  beam inc iden t  

upon i t .  L e t  us ou t l ine  on body Eurface the  elementary area (a), B 
being its r e f l e c t i o n  fac tor .  Aesume j =  ( 5  f) as being t h e  radiue- 

vec tor  of any point on (a>, the  o r i g i n  of t h i s  vec to r  being a t  t h e  
point  0 of the i r r a d i a t e d  body; a is t h e  angle of incidence,  equal 
t o  r e i l e c t i o n  anqle; is the angle between t h e  prol’ection of t h e  

e x t e r n a l  normal t o  t h e  area on the plane xye and t h e  axi.6 x,counted 
from the  axis x in the posi t ive d i r ec t ion .  The elementary v a r i a t i o n  of 
t he  quant i ty  of motion for the t i m e  d t  w i l l  then be 

d x  =* (Ma cZ, - MI c&) dt, (1) - 
where c is the  Speed of l i g h t :  e l i s  the  uni ta ry  o r t  of t h e  i n c i d e n t  
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beam; V2 is the un i t a ry  o r t  of the  d i r e c t i o n  of the  r e f l ec t ed  beam of 
rays ;  M 1  and M2 are respect ively the  masses of photons, i nc iden t  upon 

the  area (dS) and r e f l e c t e d  from i t  pe r  u n i t  o f  time. 
S t a r t i n g  from the pr inc ip le  o f  mass and energy equivalence, we 

s h a l l  f i nd  

H e r e  E 5s the  solar constant (power of s o l a r  r a d i a t i o n  corresponding 

t o  area u n i t )  f o r  t h e  a rea  s i t ua t ed  a t  t h e  d i s tance  r from t h e  Sun; it 
can be computed a8 follows : 

where r is t h e  average distance between Earth and Sun, and E is the  
8 6 

solar constant f o r  the  dis tance r U t i l i z i n g  the  theorem f o r  t he  quan- 
t i t y  of motion, we s h a l l  find the force I f  of l i g h t  pressure upon the 
area (dS) 

6' 

I f,= -Ryssin!bcoscrcos~dS, E 

fr= -RRsin%cosasin?dS, E 
. I  

E fr=c(l + Rcos2a)coscrdS. 

After t h a t  i t  is easy t o  f ind  t h e  pro jec t ions  o f  t h e  p r i n c i p a l  

vec to r  and of t h e  pr inc ipa l  moment r e l a t i v e  t o  %he point  0 on t h e  

axis of t h e  coordinates  
Fx - - "JJR E cos'a sin a cos ds, 

w 
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L'e s h a l l  f ind the  l i g h t  pressure upon a s p h e r i c a l  body of radius 

R with a r e f l e c t i o n  f a c t o r  B, i d e n t i c a l  f o r  the  e n t i r e  surface.  L e t  u8 

in t roduce  on body sur face  a spher ica l  s y s t e m  of coordinates  with o r i g i n  

a t  the  cen te r  of the  sphere ( 9 is t h e  l a t i t u d e ,  1p is the  longi tude) ;  
bes ides ,  we s h a l l  count t h e  longitude 'p f r o m  t h e  d i r e c t i o n  a t  the  Sun. 

The2 , 
cos a cos 'p cos $. (7) 

Because of symmetry, we s h a l l  reduce  the  system of l i g h t  preesure 

forces  to t he  r e s u l t a n t  force,  applied a t  the  geometrical  cen te r  of the  
sphere and equal  t o  

Therefore,  the force act ing upon a f ixed  irradiated s p h e r i c a l  

body is d i r ec t ed  along its he l iocen t r i ca l  radius-vector and is not depend- 

e n t  on t h e  lat ter 's  r e f l e c t i n g  power- result  qu i t e  analogous t o  t h e  

result obtained by Radeiyevekiy c21. Thus, a w e l l  r e f l e c t i n g  coa t ing  

should only be appl ied t o  prevent excessive heating. 

Remark 1.- I f  the i r r a d i a t e d  body moves with a ve loc i ty  U, 
both ,  the mamitude of l i g h t  pressure force and i ts  d i r e c t i o n  vary by 
a quant i ty  of t he  order - (for more d e t a i l s ,  see, f o r  example, C ~ I  1. 
Because of the  smallness of the l a s t  r a t i o ,  w e  s h a l l  neglec t  these  var ia-  

t i o n s .  

C 

2 . - RELIOCEHTRICAL - -- TRJJXCTORIES TAKING INTO ACCOUNT 
THE LIGHT PSSSURE 

Let  u6 consider a body of m a 8 6  m, moving in t he  f ie lds  of Eerto- 
nian g rav i t a t ion  and of Sun's l i g h t  r ad ia t ion ,  t h e  maes of which we shall 
denote by M. The components 
neglected. These conponents a r e  exac t ly  leer0 for s p h e r i c a l  bodies. 

Fx , Fy of l i T h t  pressure  forces  will be 

The force of a t t r a c t i o n  toward the  Sun i e  MMm, where k2 is t h e  
B 
7 g r a v i t a t i o n a l  cons tan t ,  while the force  of l i g h t  repuls ion  is 
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where f o r  a sphere o f  rad ius  R 

while f o r  o the r  bodies, B ie easy t o  

(9) 

f ind  u t i l i z i n g  formula6 (3) and (5). 
Writing t h e  eouation of r e l a t ive  motion of the i r r a d i a t e d  body and assu= 

ming t h a t  m<M, w e  sha l l  find f o r  its h e l i o c e n t r i c a l  radius-vector F 

L e t  UE introduce the "reduced1v 

M'=M(l  -8). 

w 3 e r e  8 is a parameter character iz ing 

is eclual t o  
B .a = - HtmM' 

t he  fldecrezsetf of Sun's maea; i t  

Therefore,  with a "reduced" mass of t h e  S u n  all formulas of t h e  

problem of two bodies w i l l  be va l id .  However, the  quant i ty  

K = k v Z f  (13) 

L K V r n .  (14; 

should be formally subs t i t u t ed  everywhere by a new one: 

\'!e shall assume, t h a t  the  parameter B(30, I) .  A t  8 =1, t h e  

g r a v i t a t i o n a l  a t t r a c t i o n  will be eau i l ib ra t ed  by luminous repulsion, and 
r e c t i l i n e a r  i n e r t i a l  fliehts are possible  i n  any d i r ec t ion .  A t  8 > 1, 

i r r a d i a t e d  bodies w i l l  fly out of t h e  s o l a r  system along hyperbolae, in 
vhich t h e  Sun is loca ted  in the ex te rna l  focus. 

t h e  

L e t  us estimate t h e  quansity 8 f o r  t h i n  hollow s p h e r i c a l  s h e l l -  

Eondes of rad ius  R, with shell's thickness  h and dens i ty  y .  Assume 
t h a t  t he  shell-sonde carries a pRvload of mms mo;then t h e  t o t a l  maee 
of t he  sonde w i l l  be 

m = m , , + 4 u ~ A  
and t h e  parameter 
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If mo = 0, 8 does not depend on t h e  rad ius  of the sonde, but only on 
t h e  product yh. Be shall compute a s e r i e s  of  values f o r  s at var ious  h 

and a t  y =1 g/cm3, i n  t h e  aesunption, t h a t  m o i s  s u b s t a n t i a l l y  smaller  
than the  mass of the  s h e l l  i t s e l f :  

t 

8 0.5 0.1 0.05 0.01 0.005 0.001 

h,mk 0.38 1.9 3.8 19.0 38.0 190 

T h i e  eEtimate is i n  qua l i t a t ive  Wreement w i t h  t h a t  conducted by Ehricke 

c11. 
The conFtant e lements  of o r b i t 8  with ''reduced" Sun's mass s h a l l  

be called geometrical .  We s h a l l  take f o r  such elements 

where 1 is t h e  foca l  paremeter; e is the  e c c e n t r i c i t y ;  0 - t h e  angu- 
lar d i s t ance  of the  2e r i cen te r  and T is t h e  time of  passing through the  

pe r i cen te r ,  We s h a l l  take the  polar angle .$ for t he  independent v a r i a b l e  

determining the  pos i t i on  i n  the o r b i t ,  so t h a t  the  p o s i t i v e  d i r e c t i o n  of 
t he  count coincide with the  d i r ec t ion  of motion. 

The quan t i t i e s  r e l a t e d  t o  t h e  oscula t ing  o r b i t  will be provided 

with t h e  index "ock". Then, we s h a l l  have : 

a re  the moments of t i m e  responding t o  polar angles  4 ,&, where tl, 
re spec t ive ly ;  Ur, U& are the  r a d i a l  and the  t r a m v e r s e  v e l o c i t y  compo- 
nents .  Note t h a t  only the  obvious dependence of t h e  sub- in tegra l  funct ion 
on J should be taken i n t o  account in t h e  first i n t e g r a l .  Both i n t e g r a  

t2 . 



in (21) are e a s i l y  taken ( f o r  example, f o r  the e l l i p t i c a l  motion through 

t h e  eccen t r i ca l  anomalies : t he ' o scu la t ing  one f o r  t h e  f i r s t  integral . ,  

t h e  geometrical f o r  t he  second). From t h e  co r re l a t i ane  (18)- (21)  it is 

easy t o  f ind  

P 
p-= 

and at  the same time, t h e  s igns  of t he  numerator and denominator i n  for- 
mula (24) coincide with the  signs of einUock 
while when computing the  second i n t e g r a l  in formula (25). t he  osculating 
elements should be considered a6 constant.  Note t h a t  a l l  the  oecula t ing  
elements are pe r iod ica l  functions of t h e  angle 49- with a per iod 
( a t  e l l i p t i c a l  motion i n  geometrical elements 1. 

and COB oock , respec t ive ly ,  

2x 

3. - SETTING Up THX PXOBLXK OF OPTIMUM ENEHGY FLIGHT TAKING 

INTO ACCOUNT THX INFLUENCE OF LIGHT PRESSURE. 
SYSTEF OF INDISPZNSABLE CONDITIONS 

It is recui red  t o  mater ia l ize  t h e  f l i g h t  of a cosmic device 

b e t w e n  pre-assigned boundary o r b i t e  with the  a i d  of  a e i n g l e  impulse- 
t h a t  over t h e  i n i t i a l  o rb i t .  The value of t he  characterist ic v e l o c i t y  of 
t h i s  i m p U l S e  is minimiaed, which a s su res  a minimum f u e l  consumption. All 
the  o r b i t s  are coplanar. The l i g h t  pressure is taken i n t o  account only 
over t he  intermediate  o r b i t ,  Depending upon t h e  concrete  physical  problem, 

w e  may use of the cosmic device the  above-described ehell-sonde, or any 

o the r  spaceship ,  for which l i g h t  pressure must be taken i n t o  account. 
Assume t h a t  the  i n i t i a l  o r b i t  h a s  f o r  elements PI, Qr. % Ti, and 

the f i n a l  one - pa, q*, u12, rs. It is assumed t h a t  i n  heavenly objec t6  

t h e  r a t i o  of e f f e c t i v e  cro88 sec t ion  t o  m a 6 6  on these o r b i t 6  is small, 
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and t h a t  t h e  l i g h t  pressure has p r a c t i c a l l y  no e f f e c t  on o r b i t  elements. 

A bOOst-i1npul6e i.6 ap?lied a t  the  t i m e  tl, when the  po la r  angle 
is $1, 86 a r e s u l t  of which the spaceship passes  t o  f l i g h t ' s  intermediate  
o r b i t .  The la t ter  i n t e r s e c t  t 2  , at polar 
angle a2, and the  spaceship col l ide6 Kith t h e  heavenly ob jec t  s i t u a t e d  
on t h e  f i n a l  o r b i t .  

the f i n a l  o r b i t  a t  the  time 

A t  pre-assigned elements of boundary o r b i t s  i t  ie necessary t o  de- 

t e rp ine  the intermediate  o r b i t  of t h e  f l i g h t ,  t h a t  is, t o  f ind  its geometri- 

c e l  elements p, q ,  o and also the angles'$1, a,, and the  moments of t i m e  ti. 
t2, i n  such a way, t 3 e t  the  magnitude of t h e  c h a r a c t e r i s t i c  ve loc i ty  of 
the  i n i t i a l  impulse have a minimum. Upon determination of these  unknown8 

r e  F h a l l  ob ta in  f o r  the moment of passing t'?rough the  pe r i cen te r  
a,-. 

dv T = t i -  * i=1* 2, 

and the oscula t ing  elements can be computed by t h e  formulas (22)- (25) .  
The following conditions should be fu l f i l l ed  : 

The co r re l a t ions  (27) and (28) i2ply the  con t inu i ty  of rad i i -vec tors  at  
s t a r t i n g  and f i n i s h i n s  point8 , while the c o r r e l a t i o n  ( 2 9 )  is t he  condi t ion  

of motion t i m e  coincidence p r i o r  t o  encounter at the  f i n a l  po in t  along t h e  

i n i t i a l  and intermediate  o r b i t s  on the  one hand, and along t h e  f i n a l  - 
on the  o ther .  

The c h a r a c t e r i s t i c  veloci ty  ATJ of the  i n i t i a l  impulse may be 

expressed through elements of the i n i t i a l  and in te rmdia t e  o r b i t s  (eee [33 i 
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f o r  andoeous opera t ions) ,  8s follows : 

and f o r  t h e  i n c l i n a t i o n  angle of t h e  t h r u s t  @ ( counted from the  trans- 
v e r s a l  i n  a d i rec t ion  oppocite t o  t h a t  of t h e  moSion) w e  have 

the  s igns  of the nunerator  and denorinator  coinciding with those of, respect-  

i v e l y ,  sin # and cos Q! . 
iie s h a l l  seek the minimum of the funct ion 

i n  the c l a s s  of variable6 
l i nked  by the condi t ions (27) - (291, t h a t  is ,  we f ind ourselves  in t h e  

c l a s s  of the condi t ional  extremum of a funct ion of f i n i t e  number of var ia-  

blee. Introducing the conatant mu l t ip l i e r s  A, ~ Aa,A3, w e  snall  compose t h e  

P.. 4, (0, $1, 8 2 ,  which are dependent upon and 

LaErange function 3 

As is w e l l  known, t h e  p e r t i a l  clerivztives of t h e  Lagrange funct ion by all 
var i ab le s  must be zero 

*/*.  



(39) 

(40) -qq, sin (aL - + ~ , p q  sin (8, - a) + ~ q  sin (aa - a)+% $=o. 
The obtained ecuFtion8 ( 3 6 ) -  (401, alongside with t h e  equations 

( 2 7 ) -  ( 2 9 )  form a svstem of required condi t ions,  cons is t inq  of  e igh t  

equat ions with e i g h t  unknown8 : 
ou@t t o  be resulved consis tent ly .  

p. q, 0, 8,, 8str-Alr h, 4. These equatione 

Remark 2.- I f  the  problem under conEideration does not account 
for concrete motions, t h a t  is, i f  the  i n i t i a l  configurat ion of heavenly 
o b j e c t s  on boundary o r b i t s  is a r b i t r a r y ,  t h e  condition ( 2 9 )  of motion t i m e  
coincidence before encounter a t  t h e  final poin t  should be dropped, and 
w e  should pos tu la te  A3 = O  in the  remaininp system of seven equations.  

Remark  2.- The l i g h t  p r e s s u r e  on t he  f i n a l  o r b i t  ie e a s i l y  taken 
i n t o  account. To t h a t  effect  it is s u f f i c i e n t  t o  es t imate  the  e lenente  

pr, qs. to2. TI as geometrical ,  and t o  s u b s t i t u t e  in all equations t h e  funct ion 

where 
on t h e  final o r b i t .  

t2 is the  parameter 8 , computed f o r  a heavenly object  s i t u a t e d  

4...FLIGH!J! ALONG CIRCULAR ORBITS 

Le t  t h e  i n i t i a l  and final o r b i t s  be circular,  r e spec t ive ly  of 

It may be shown t h a t  from t h e  system of necessary condi t ions,  it 
r a d i i  rl, r2 and quan t i t i ee  ~1 = 0, q2 = 0. 

f ollolns 
& S O .  

Therefore,  we muet resolve the problem f i r s t  without tak ing  i n t o  account 

concrete motions; the so lu t ion  w i l l  contain only t h e  d i f fe rences  #, - W , 
8''- w and, consequently, one of t h e  angles  3; , a & , w  w i l l  be a r b i t r a r y .  
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After t h a t ,  i t  is e a s y  t o  f i n d  from the  condition ( 2 9 )  of motion 

t i m e  coincidence before encounter, f o r  example, t h e  angle dk1 

91 = [(a - (I>#&+ %& - 4%&+f#] (6 - #)-I. (42? 

v 
K 

where  - is t;:e motion time along t h e  optimum o r b i t ;  f = 43, -8, is 
t he  d i f fe rence  5x1 t he  t rue  anomalies of t h e  s t a r t i n g  and f i n i s h i n g  points.  

Let  us consider t h e  problem of f l i g h t  without tak ing  i n t o  account 

the concrete motions. It follows from equations ( 3 6 ) ,  ( 3 7 )  t h a t  

sin(@, -a) =O, &sin (8, - OD)  = 0. (43) 

The l a s t  equations may be sa t i s f i ed  by th ree  methods, s i n c e  the  condi- 
t i o n s  \ = 0 ,  $ =O, contradict  t h e  equation ( 3 9 ) .  

1st Method.- Le t  UE pos tu la te  

sin (8, - w) rp 0, sin (8, - 0) = 0. (44) 

In t h i s  case the only so lu t ion  ( w i t h  a prec is ion  t o  a r b i t r a r y  choice of 
t h e  anzle  of the  start point is the  Homan e l l i p s e  i n  geometrical 
elements, For i t  

The upper s igns  respond t o  the  case of  f l i g h t s  t o  o r b i t  of greater 

t h e  lower ones- t o  the case of f l i g h t s  t o  o rb i t6  of lesser ra4iu6 

r t<r l ,  pa>p>p1* @t=-, @==. (49)’ . 

2nd Method.- We shall s a t i s f y  the equat ions (43) in the  
following manner : 

sin (8, - a) = 0,. %= 0. . (50) 
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From the remaiEinE eqluations of the  system of neceseary condi t ione we 

&hell f ind  

AU=O. . 

If S<0.5,the so lu t ion  e x i s t s  only at 

' (54) 
f l  - 1 - 25 > rz > ri* -0 PI < ~t <pir 

but i f  s> 0.5,i.t e x i s t s  only a t  r2 > rl. 
The escape takes  place a t  pe r i cen te r  of f l i g h t  o r b i t ;  no a d d i t i o n a l  

f u e l  consumption is  required,  and t h a t  i E ;  why from the  s tandpoint  of energy 
these o r b i t s  a r e  more advmtaseous t h a n  t h e  Homan e l l i p e e .  During f l i s h t s  

of shell-sondes,  i t  i s  s u f f i c i e n t  t o  inflate f t h e  shell  in order t o  pt them 
in t he  obtained o r b i t s .  L e t  us remark, t h a t  a t  f g = r s  r1 t he  o r b i t  obtained 

s:i l l  coincide w i t h  t h e  Homan e l l i p s e ;  a t  8 -  0.5 it will be a parabola,  

and a t  
i n  the inner  focus. 

8 > 0.5 - a hyperbola, i n  b o t h  of vhick? tke  Sun w i l l  be s i t u a t e d  

3 r d  Method. - I n  t h i E  caEe 

A, = 0, sin (8% - 01 = 0. 

The remaining equations of the  sys t em of necessary condi t ions  w i l l  g ive 

Such o r b i t s  a n o n l y  possible  a t  

dr1G r, < r1* P i  > Pl> @PS. 

where 6 is the  unioue pos i t ive  root  of t h e  ecuation 

o e + u k 2 ( 1 - a ) .  (59) 

The f i n i s h i n e  point  coincides wi th  t h e  f l i g h t  o r b i t  pe r i cen te r ,  A t  r2 = d s ,  
the o r b i t  obtained coincides wi th  the  Honan ellipse. The c h a r a c t e r i s t i c  
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ve loc i ty  and the  tangent of t h r u s t ' s  i n c l i n a t i o n  angle r i l l b e  deterlllined 

follows 
I 

(60) 
P; 
4 A u= Y { 3p: - *pi -- - + 26 (& - jd)}F, 

The Eoman-type f l i T h t  (45) - (49 )  is pozsible i n  t h e  same i n t e r v a l  
( 5 8 ) .  L e t  us coupoee t!Te difcerence i n  the squares  of c h a r a c t e r i s t i c  velo- 

c i t i e s  on t h e  Roman e l l i p s e  and. on tke  new o r b i t  ( 5 6 )  - (61 ); i t  ie 

Coneernentl--, t;ie or::itF obtsined ?re more optimum than t h e  Roman ellipse. 
Therefore, t h e  functi.aE (34) takes  t h e  l e e s t  value on orbit8 con- 

s idered  i n  tfie methods 2 and 3, provided t h e  condi t ions (!&) or (58) are 
r e s ~ e c t i v e l y  f u l f i l l e d ,  and on the  Roman e l l i p s e  (45)- (49) i n  t h e  oppo- 

s i t e  case. 

Remark 4.- There any mzny problens where the  paraneter  8 ie a 

s m z l l  quant i ty;  ic t h i s  case the apyroximate value of t he  quant i ty  6 is 

5. - B'LIGET BET.,E:*iIl ORBITS O F  SMALL ECCEIlTRICITIFS 

Assumin; t h a t  q1 and q2 a re  s m a l l ,  l e t  us  introduce t h e  small pa- 

- - ------ 

rometer & accordin? t o  2ornulas 

Y F + .  q*=q;.. (sir) 

!'.re s h a l l  seek the so lu t ion& of the eoust ions (27)- (291, ( 3 6 ) -  (40) 
i n  the  form of ser ies  by posers 
c i e n t s  ox the  s e r i e s  sought for a t  f i r s t  powers & . 
expaxxions were obtained i n  the work c31. 

e ; w e  s h a l l  denote by s t roke8  t h e  coeff i -  
At 6 = 0 ,  andogous 

T h e  so l - i t ion  m i l l  be copducted i n  the assumption t h a t  rl, r2 
do not l i e  i n  the regions (54) or (581, t h a t  is, we s h a l l  take the  Homan 
e l l i p s e  f o r  the  zero approximation. 
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Assume now tha t  a t  first the concrete motions are not  taken i n t o  

account. We have i n  the  apyoximation of the zero  order r e l a t i v e  t o  L a 
unique sokution - the  Homan ell ipse ( w i t h  a prec is ion  t o  a r b i t r a r y  choice 

of one of the  anglee 81, as, a) 
The angular dis tance  of the per icenter  0 is determined from t h e  first 
order  approximation with t h e  help of t h e  equations (361, (37) and (40), a8 

corresponding t o  t h e  system (45) - (49). 

f o l l o w  : 

The exac t  so lu t ion  of the  first order is given by the following formulas: 

0 o/o 0 



& = * 4; cos(+h--J T (A1--AJJ/-VCx (75) 
The so lu t ion  of the  problem of an optimum energy one4mpulse 

f l i g h t  without taking i n t o  account the  l i g h t  pressure (see C33) with a 

prec i s ion  t o  term of tile f i r s t  order  € is obtained from t h e  formulas 
(45)-  (49) and ( 6 5 ) -  (751, provided w e  pos tu la te  i n  the  l a t t e r  6 = 0. 

I n  t:ie case nher, the  psrameter 8 is of t h e  same order  w i t h  e c c e n t r i c i t i e e  
of boundary o rb i t6  

t h e  first order  cor rec t ions  t o  t h i s  so lu t ion ,  conditioned by l i g h t  preesure  

w i l l  be 

1 
Thus, the accountin2 of the  e f f e c t  of l i g h t  pressure at a emall 

parameter 8 and boundary o r b i t s  of small e c c e n t r i c i t i e s  has been reduced 
t o  r o t a t i n g  t h e  f l i g h t  o r b i t  by a magnitude of t h e  f i r s t  order  r e l a t i v e  
t o  t h e  o r b i t  corresponding t o  t h e  so lu t ion  of  the  optimum problem without 
taking i n t o  account the  l i E h t  presmre. The dimension and shape of t h e  
o r b i t  and t h e  t r u e  anomalies of t h e  s t a r t i n g  and f i n i s h i n g  po in t s  are 
varying over i t  by m s y i t u d e s  of  t h e  second order  only. 

Let  u6 pass now t o  the  so lu t ion  of t he  problem, tak ing  i n t o  account 
the  concrete motions. I n  t h e  zero order  approximation re  have a unique 

s o l u t i o n  - t h e  Homan e l l i p s e  (45)- (491, with e q u a l i t y  (41) f u l f i l l e d ,  
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and f o r  the  funct ion 9 w e  have : 

The s t a r t i n g  angle tl is found from t h e  equal i ty  (42)  as follows : 

I n  the f i r s t  o rder  ap-x-oxination re s h a l l  f i nd  from t h e  system 
of necessary conditions f o r  p * ,  9' , the  vepj E a m e  formulae (661, and 

for a;, 32, u' w e  shell have 

where 

The functions A and B are computed by t h e  formulas (711, and 

6.- COWDITION AT ;;ilICH T-BX UTILIZATIOi\T OF HOLLOW SHEX&-SONDES 
,;ma- FOR P 

FRGI: TIE? - STAIDPOINT OF E N E X Y  

Let us examine tile question r e l a t i v e  t o  t h e  case,  when i t  is 
more advantageoue from the  viewpoint of f u e l  consumption t o  put  a pay- 

load  of mass I&, t o  f i n a l  o r b i t  w i t h  t h e  a i d  of a shell-sonde, by compa- 
rison with its direct  plac ing  t o  the  corresponding fli-ht o r b i t .  
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I n  t h e  l a s t  case w e  may neglect the  l icht pressure,  We shall est imate  

t h a t  one and the same cha rac t e r i s t i c  ve loc i ty  w i l l  be required i n  both 

casee i n  order  t o  o ercome the  a t t r a c t i o n  of the  heavenly body, from 
which, or from whose s a t e l l i t e ,  the  start takes place.  iVe s h a l l  denote 

t h i s  c h a r a c t e r i s t i c  ve loc i ty  by 8. Ve s h a l l  l i m i t  ourselves t o  the ca8e 
of circular boundary o r b i t s  

geous t o  dispatch t h e  payload in such a fzshion, t h a t  the r e s u l t a n t  of 
l i y h t  repuls ion l'orces be a s  small as possible.  

with r 2  > 1. A t  q > r2 i t  is more advanta- 

A t  f l i g h t  without t R  :in? i n t o  account t h e  l i g h t  pressure the  

Roman e l l i p s e  Rives f u e l  consumption i t e  minimum. The c h a r a c t e r i s t i c  
ve loc i ty  of t h e  i n i t i a l  implilse AUr is determined as follows : 

The minimum value of the charac"er is t ic  ve loc i ty  a t  f l i g h t ,  t ak ing  i n t o  
account t he  inf luence of l i g h t  pressure [ 8 sOs)is 

(87) 
AU=O at - r1 

1,&%>G, 

Let  c1 be the  outflow ve loc i ty  of gases; then, as is w e l l  known, 

where m, is the i n i t i a l  mass of the cosniie device at placing t h e  payload 

toge ther  w i t h  t he  shell-sonde; A m  is the f u e l  ma66 v a r i a t i o n  at  direct  

placing of the  payload i n t o  o r b i t ;  q is t h e  mass of shell-sonde, f o r  
which the  following is va l id  : 

%=4?rRzyh: (W. 
A t  Am > 0 ,  i t  is more advantageous t o  use a shell-sonde; at  A m  < 0 

the  lesser f u e l  consumption w i l l  take place at d i r e c t  p lac ing  of t h e  pay- 
load i n t o  the  o r b i t  of t h e  f l i g h t .  

From t h e  co r re l a t ions  ( 8 9 )  i t  is easy t o  f ind  

AUr4-Z AU+D 

An=m, 

where h\I, ) fiu are determined from (86 ) - (89) .  The last c o r r e l a t i o n  allors 



18. 

at concrete values of 1. R, mo, PU PU t o  es t imate ,  which method 

of payload del ivery is preferable from the standpoint of energy. 
The condition of l e s s e r  f u e l  expenditure at u t i l i z a t i o n  of the  

shell-sonde 3.6 obtained i n  the  form 

It should, however, be borne in mind t h a t  t he  right-hand p a r t  depends on 
t h e  parameter 8 ,  which, in its turn ,  depends on $ as follows : 

Formula6 (92) and (93) allow t o  determine the dependence between y, h, 
n, %, U sought for. 

In conclusion, I a v a i l  myself of the  opportunity t o  erpresrr my 

, 
L. 

sincere gra t i t ude  t o  my s c i e n t i f i c  guide, Prof. V. S . Rovostlov, for hfs 
constant he lp  in the  course of the  work. 

*** T H E  END **e 
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